Abstract: Non-linear creep is described by a non-simulative, analytical, dynamic molecular modelling approach. Elementary, molecular-scale, process-relevant frequencies are derived by adequate kinetic formulation. They follow almost exactly an Arrhenius-like behaviour with a range of activation enthalpies. Their relative contribution to the overall macroscopic behaviour of the materials is quantified to account for the materials' retardation time spectra and final non-Arrhenius behaviour. A new creep compliance equation is derived, yielding a fully coupled timetemperature-stress formulation, with long-term predictive capability. Experimental data for poly(methyl methacrylate) are analysed to identify the extent to which timetemperature and time-stress correspondence relationships may be valid, and it is shown that they are approximations (especially the latter), limited to narrow ranges of experimental variables, in contrast to the proposed model, which more reasonably fits the experimental behaviour.
Introduction and relation to previous work
Previous models for the interpretation of the creep behaviour of polymers are mainly empirical or semi-empirical, and do not directly take into account the physical (molecular) underlying mechanisms, namely the conformational and other transitions responsible for the material's non-linear viscoelastic behaviour. In fact, even the recent work by Kromm et al. [1] still describes the creep behaviour of a semicrystalline polymer (ultra-high molecular weight polyethylene) by means of a Nuttingtype equation, modified by a single Arrhenius-type exponential to account for the effect of temperature. Also recently, Sen et al. [2] presented fits to experimental creep data of purely phenomenological models combining Voigt-Kelvin units with Trantina's Nutting-type empirical model [3] . Various other contributions had a similar semi-empirical character (Findley [4] , Cakmak and Wang [5] , Li and Dasgupta [6] , Li and Cheung [7] ). The major feature of these descriptions is the separation of the effects of stress and time, in addition to that of temperature, into separate factors making up the strain or creep compliance, which is only an approximation for most polymers. These formulations are of course of some utility in data reduction and extrapolation, but do not allow any clear physical interpretation and lack generality.
Nevertheless, other attempts also have been reported to describe the non-linear creep of mainly semi-crystalline [8] and liquid crystal [9] polymers, based on a theory by Brostow [10] . In effect, the time-temperature correspondence as proposed by the latter author, involving two physical parameters, has been extensively applied in recently published works [9, 11, 12] . The same author [13] also proposed a formulation for the time-stress correspondence, which he tested with two co-workers [14, 15] in liquid crystal polymers and suggested to be valid also for semi-crystalline polymers.
Further below in this paper, the applicability of the time-temperature and time-stress correspondences to experimental non-linear creep data for PMMA are analysed in detail, and it is shown that the behaviour does not support a full separability of the effects of time, temperature and stress. Therefore, any realistic and accurate model should predict and quantify this coupled and peculiar behaviour, and this is shown to be possible by adequate kinetic formulation of the frequencies (or retardation times) of the whole range of structural contributors to the material's compliance. One should mention here the work by Eyring et al. [19] , which at least had the merit to suggest how one could physically and mathematically link the oldest, Voigt-Kelvin and other, phenomenological models to the actual non-linear physical behaviour on the (macro)-molecular scale. However, even this indeed seminal work does require extensive modification to accurately model the behaviour. The same modelling strategy as detailed below has also been successfully applied to semi-crystalline polymers (ultrahigh molecular weight polyethylene and isotactic polypropylene) [16] [17] [18] .
Macromolecular dynamic model of creep
It is not difficult to understand and visualize the dynamic (compliance and/or relaxation) behaviour of any viscoelastic material as resulting from a range of motions/ transitions on the molecular scale -the whole molecule (or atom) interchanges in non-macromolecular materials, and gauche/trans conformational transitions or other motions (e.g., crankshaft) in macromolecular ones. Actually, in polymers, singlesegment gauche/trans transitions are not possible without the simultaneous participation of a small set of neighbouring segments, which is exactly what happens in crankshaft motions, but gauche/trans transitions may be taken as a simple and good paradigm for the microscopic modelling of macromolecular materials' responses to a wide range of physical excitations, of which creep is just the example studied here.
Example of the dynamics of gauche-trans conformational transitions in free, nonentangled, macromolecular chains
Assuming a large set of free, non-entangled or very lightly entangled, macromolecular chains, we may describe and quantitatively model the system's creep rate under stress by computing the difference between the number of favourable (e.g., gauche→ trans) and unfavourable (trans→gauche) conformational transitions per unit time. The same basic strategy would be a good starting point to model stress relaxation under constant strain or any other type of response. Of course, more accurately, depending on the exact local topology of the various polymer chains, gauche→trans transitions may in other instances contribute negatively and trans→gauche transitions positively to the overall strain, but these details unnecessarily complicate the picture of the process. As pointed out below, this simple picture may easily be generalized to any possible type of contributing motions on the molecular scale.
Taking as initial condition of the system equilibrium at constant temperature with a random distribution of the available energy between the two types of conformations (gauche and trans, where gauche has a higher energy) of the individual chain segments, a Boltzmann distribution is expected of those segments among gauche and trans conformations. At constant stress, σ 0 , following the core of Eyring's original simple formulation [19, 20] for the modified activation energies of the gauche→trans and trans→gauche transitions, the creep rate will be expected to be proportional to the difference between the frequencies of those two types of transitions, i.e., 
where ε' 0 is the instantaneous elastic strain, E 0 ' and E 0 " the activation energies of the gauche→trans and trans→gauche transitions, respectively, and α g -, α g + and β t are the instantaneous population numbers of each type of conformation, subject to the condition that at t = 0, just before (and just after) the stress is applied, they must obey Boltzmann's distribution. The parameter β is proportional to an activation volume v # [20] . Specifically,
, where k B is Boltzmann's constant, v # being the volume swept by the segment to reach its activated state. This analysis updates Eyring's [19, 20] in the explicit quantification of the relative weights of the participating structures, through (1) α g -, α g + and β t , in the case of single-segment conformations and, subsequently (cf. below) through (2) a distribution of other participating structures, in addition to the gauche/trans conformations.
Adopting a useful (and possibly correct) simplification, as the system creeps, the number of trans conformations will increase, and that of the gauche conformations decrease, proportionately to the increase in strain, i.e.,
with constant a and a' and, in view of the initial conformational equilibrium (that defines the relative conformation numbers α 0 and β 0 ),
E g± and E t being the gauche and trans conformation energies, respectively. As the total number of conformations must always be constant and equal to the number of segments, a and a' must be related by
Rearranging Eq. (1), and taking Eqs. (2) - (4) into account, one obtains
that must also obey Eq. (5). Now, as at t = ∞ (where ε' = ε' ∞ ) the above derivative must be zero (discounting any viscous flow), an additional relationship between a and a' may easily be established [16] and thus they may both be determined, to finally yield the very simple relationship
where c 0 is proportional to 4α 0 
Eq. (8) It is interesting to note that these results mean that to the whole set of gauche/trans transitions a decaying function, ( ) t Φ , corresponds, which is a stress-dependent power of its value in the linear limit, (10) and this means that, from the standpoint of this individual type of contribution (gauche/trans transitions), a stress-time correspondence could be anticipated, with a . However, for an overall stress-time correspondence to be applicable to a more complex system, this same shift factor would have to be valid for every other type of motions/transitions contributing to the material's behaviour, which would imply a retardation time spectrum of invariant shape, independent of stress. Alas, it is shown below that the real experimental behaviour is not that simple.
Notes on the generalization to a wider range of motions
On a separate but closely related recent work [21] , one of the present authors is proposing a new cooperative segmental theory of molecular dynamics (CSTMD), applicable to every aspect of materials' dynamics (including the glass transition), which turns out to yield an almost identical final formulation for the response of any real structural contributor to the behaviour, their characteristic retardation times (under stress) obeying relationships of the type of Eq. (9) . In polymers, the relevant contributors turn out to be clusters of n = 1 to ∞ macromolecular 'segments', such 'segments' being the shortest structural elements capable of independently contributing to the actual physical behaviour (glass transition and any form of relaxation or susceptibility response), like those involved in crankshaft or other localized motions, rather than the actual individual chain segments theoretically assumed (cf. above) to undergo gauche/trans conformational transitions in completely free chains. Calculations [21] show that the greatest contributors to the final overall behaviour turn out to be clusters of about 2 to 5 segments (up to 10 or even more at very low temperatures, thus giving an insightful measure of cooperativity).
Given the wide variety of contributing structural elements that may be involved in the entire range of cooperative motions (with activation energies and entropies proportional to the various cluster sizes [21] ), the logical step to take is to consider an adequate distribution of cluster sizes and corresponding retardation times.
Retardation spectra
A long time ago, Feltham [22] had already shown that a log-normal distribution would be a physically reasonable approximation to the retardation spectra of a wide range of viscoelastic materials. As a matter of fact, however, both the mentioned recent work [21] as well as the analysis of the present and other experimental data [16] [17] [18] show that there is a minimum retardation time, corresponding to the smallest contributing clusters (n = 1) in the least constrained local environment within the structure. So, the overall (real) creep compliance may be formulated [16] as 
In actual creep experiments, the stress is not applied instantaneously, but increases continuously, though very rapidly, to attain its final value within a very short time, t 0 , typically of a few seconds. As discussed in ref. [16] , the response to this stress ramp can also be accurately obtained by proper integration of Eq. (7) with σ 0 replaced by its actual value, σ(t), and then substituted into the overall truncated log-normal distribution of creep compliances. Under the experimental conditions used, the ramp effect is relatively minor, and it is a good approximation to simply use Eq. (13) with t replaced by t -t 0 .
The parameter b in Eqs. (11) - (13) turns out to be
which is consistent with its own definition.
Creep experiments
This particular paper focuses on an amorphous polymer -PMMA -in the shape of 150 mm x 10 mm x 4 mm test specimens, cut and adequately machined from sheets. The creep measurements were carried out with a Zwick Z100 Universal Tensile Testing Machine, equipped with a 2.5 kN load cell and using a Macro extensometer with a deformation measurement range of 100 mm. Strain/force vs. time experimental data were automatically recorded, stored and treated on a personal computer. The test specimens were previously conditioned at 23°C, and creep tests were conducted at each selected temperature (30, 40 and 50°C) in a thermostatic chamber, under applied stresses of 10, 16, 20, 25 and 32 MPa.
Presentation and discussion of experimental results
Section 6.1 below (cf. Fig. 3 ) reports both the experimental and the model-predicted creep compliances as functions of time, t. The possibility of superposition of the experimental compliance curves for the five stress levels used was investigated and is illustrated in Fig. 1 , where 10 MPa was taken as the reference stress in the horizontal shifts applied to the 16, 20, 25 and 32 MPa curves.
From Fig. 1 , it may be concluded that, when the stress increases, the curves are not simply affected by horizontal shifts, as the creep strain rate also significantly increases. Actually, although to a lesser extent, the same behaviour may be detected when the temperature increases.
This behaviour results from the decrease in the width of the retardation time spectra, L(τ), when stress or temperature increases (cf. Fig. 6a -c, for 30, 40 and 50°C, respectively), as discussed in section 6.2. From Fig. 1 , one may also notice some difficulty in the superposition of the curves for short times and low compliance values, particularly for the 30°C curve, where the strain measurement errors were highest [16] . Similarly, irrespective of temperature, the superposition showed increased difficulty for the 32 MPa curve.
Thus, as changes in shape of the retardation spectra seem to be experimentally confirmed, and in view of the resulting low quality of the attempted master curves of Fig. 1 , one is forced to conclude that a time-stress superposition (TSS) should not be applicable, at least for PMMA. Thus, in this case, the possibility of accelerating creep tests by increasing the applied stress, in order to predict long-time behaviour from short-time tests, seems compromised or reduced to a somewhat crude approximation. 
Analysis of correspondence/superposition models
One of the most promising time-temperature superposition (TTS) or equivalence models, with results supported by several authors [8, 9, 11, 12, 14, 23] for various viscoelastic materials, was developed by Brostow [10] and is based on Eq. (15) below,
where ṽ is the reduced volume, and A and B are material constants. This equation is applicable in conjunction with an equation of state such as Hartmann's [24] equation,
The model was applied to the present results for PMMA, to evaluate its consistence in comparison with the non-linear creep model developed in this work. The two material-dependent characteristic constants, A and B, in Brostow's Eq. (15) have previously been treated as adjustable parameters, when in fact they are physically and mathematically interdependent, given that, by definition, at the chosen reference temperature, ln a T is zero. So 
This reduces the problem to finding/adjusting one single parameter, B, from/to the experimental data. This may lead to greater fitting difficulties relative to those with WLF (Williams-Landel-Ferry) or VTF (Vogel-Tammann-Fulcher) equations, which have two independent parameters, but they could be more than compensated by a hypothetically better physical foundation of the new model. Given a set of calculated B values, Brostow's TTS would thus be valid to the extent of their approximate invariance with time, for a given material.
As implied in Eq. (18), T ref v/(T v ref )
does not need to be equal to 1 (for PMMA at 40°C, with T ref = 30°C, that ratio is 0.9711) and P ṽ 5 , despite its ≈ 3·10 -5 relative effect on ṽ , may easily be retained in all calculations. The calculation of ṽ and v has been carried out using the characteristic thermodynamic parameters quoted in Tab. I of ref. [24] (18) has been calculated as the ratio between the times (at two temperatures) at which the same value of the creep compliance is obtained, a T = t T / t Tref . Thus, for each time, t Tref , at which the compliance is D(t Tref ), the experimental data are adequately scanned and interpolated to yield the time, t T , at which the same compliance is reached at temperature T.
A very simple algorithm was written and used within Matlab © to calculate the values of B for each stress, from the experimental data for 30, 40 and 50°C, i.e., B 40/30 (relative to the shift of the 30°C curve to the 40°C one), and similarly defined B 50/30 and B 50/40 , as functions of time, for the whole duration of the creep tests. As an example, Fig. 2 presents the results for only one stress value, 25 MPa, which show that B (Doolittle's parameter) is approximately constant, at a value close to 2.303.
One could conclude that Brostow's TTS may be valid within the temperature range explored. The same has been verified for 32 MPa [16] , but not for 10, 16 and 20 MPa (irrespective of the reference temperature selected), where B shows a continuous and significant variation with time, and also significantly deviates from the value 2.303 [16] . The latter results may thus question somewhat the validity of such simple superposition principle, which will have to be more closely investigated. In ref. [21] and ensuing recent work (included in the actual Macro 2004 oral presentation), we have already been able to better define the conditions and range of applicability of time-temperature correspondence, in excellent agreement with available experimental knowledge. a) Fig. 2 . a. Several authors [8, 12] had referred to 2.303 as a somewhat 'universal' B value. However, Brostow's TTS B values previously reported in the literature are always higher. Boiko et al. [8] obtained B = 4.178 from stress relaxation data of a high-density polyethylene, Brostow et al. [9] obtained B = 5.093 from polymer liquid crystal creep data and, more recently, Mano et al. [12] obtained B = 5.4 from creep data of a highdensity polyethylene.
Non-linear model-predicted creep behaviour

Quality of the fits to the experimental data
The very small relative deviations (1.31%, 1.15% and 1.22%, respectively) between the experimental creep compliances and the model predictions quantify the excellent agreement clearly illustrated in Fig. 3a -c 
Presentation and physical discussion of model parameter values
The values predicted for b 0 in Eq. (14) The increase of stress and/or temperature yield increases of b, i.e., a decrease in the width of the material's retardation time spectrum, in agreement with previous knowledge [25, 26] . An increase in temperature shortens all individual retardation times, with most significant effects on the longest ones (precisely those that most critically determine the long-term creep behaviour, particularly at low stress), due to their highest activation energies. To our knowledge, this is the first time definite estimates of the retardation time distribution width are made, as the standard deviation of ln τ is simply ( 2 ·b) -1 . According to Brostow et al. [10, 11, 14] the relaxing capability of the chain segments increases with free volume (within the amorphous phase), temperature and stress, as also found in these experimental and theoretical results.
Both D 0 and D ∞ are the same for all stress values (and all test specimens). Literature agrees [26] [27] [28] [29] on the typical instantaneous and long-time compliance values for amorphous polymers, ≈ 10 -9 and 10 -6 Pa -1 , respectively. It is worth noting the ability of the model (and calculation algorithm) to predict the correct orders of magnitude from creep data collected for times not shorter than a few seconds and not longer than 9000 s. In particular, compliances of the order of D ∞ are experimentally obtained for much longer times, as illustrated further below, in Fig. 7 .
The values obtained for the minimum and average retardation times, τ 1 and τ*, are shown in Tabs. 2 From the data shown in Fig. 4 , it may be checked that the ratio between the slopes of τ* and τ 1 is ≈ 3 to 4, i.e., v # ≈ 3 to 4 v 1 # , a physically significant result in itself, as the activation volumes are proportional to the size of the structural elements (segment clusters) that contribute to the creep process.
With the optimum predicted values for b, τ 1 , τ*, D 0 and D ∞ (at each temperature and stress), the corresponding retardation time spectra were generated. Fig. 6 shows that increases in the applied stress and temperature decrease the width and increase the height of the PMMA spectra, the effects being particularly intense for 25 and 32 MPa. As physically expected, the spectra are also shifted to shorter retardation times when any of the above two variables increases. In view of these changes in spectral width, PMMA may be classified as a thermo-rheologically complex (or class B) material [30, 31] .
It is worth noting that the retardation times span a very wide range of values, from less than 1 s to almost 10 50 s, which illustrates the very significant cooperativity of the behaviour at temperatures well below the polymer's glass transition temperature. Fig.  7 illustrates the model's long-term predictive power (for 20 and 32 MPa, at 40°C), together with the non-superposition of the curves at those two stress values, itself the result of the previously discussed changes in spectral width. 
